Abstract: A new kind of optical element, i.e., composite spiral zone plate (CSZP), is proposed to generate a twin-vortex beam along the optic axis in this paper. The axial diffraction property of the CSZP is analyzed theoretically and experimentally. The results demonstrate that the CSZP can possess two focused vortices with the same intensity peak, different topological charges, and customized axial positions. The proposed optical device exhibits significant potential for various applications including three-dimensional optical manipulation.
Introduction
Diffractive optical elements (DOEs) have found a large number of new applications in many research fields [1] , [2] . Diffractive lenses such as conventional Fresnel zone plates are essential in many imaging systems, but they have inherent limitations, e.g., a single main focus and short focal depth. Several new types of zone plates, i.e., fractal zone plates [3] - [5] , Fibonacci zone plates [6] , and Thue-Morse zone plates [7] , are multifocal diffractive lenses which are potential for producing an increasing depth of focal field and a reduction of the chromatic aberration under wideband illumination [8] .
It is well known that vortex beams can be widely applied for optical trapping of micro objects [9] - [11] and optical communication [12] , [13] . The fractional vortex beams were exploited to guide micro particles [14] . Arrays of vortex beams have shown the ability as optical pumps and sorting micro objects in microfluidic systems [15] , [16] . The above-mentioned methods of vortex beam generation are based on the spiral phase structure [17] . Moreover, a spiral zone plate (SZP) can also generate a focused vortex embedded at the focus [18] , [19] . Another interesting way to produce a vortex beam is to implement the fractional spiral zone and square zone structures, which have opened up new insights into the generation of unique vortex beams [20] , [21] . There are also several ways which can be used to generate multiple vortex beams along the optic axis, i.e., the Devil's vortex lens which is phase-only and modulated by a helical phase [22] . The spiral phase plates were combined with fractal zone plates to produce a sequence of focused vortices along the propagation direction [23] . Fibonacci lenses and Thue-Morse lenses were also proposed to produce twin-focused-vortices beams [24] , [25] . Recently, fractal spiral zone plates have been proposed to generate a series of focused vortices along the optic axis [26] . Although the abovementioned method can be used to generate multiple focused vortices along the optic axis, the generated vortices only have an identical topological charge, and the axial locations of the focused vortices are dependent on the superimposed spiral phase plates or the parameters of the designed spiral zone plates and are unable to be customized. Moreover, the composite zone plates were proposed to generate a series of axial foci [27] , [28] . For example, Sabatyan et al. [29] proposed the multi-regional spiral square zone plate (MRSSZP) which generates an array of vortex beams and found that the number of vortex beams is directly related to the number of the regions and a square array of optical vortices can be generated at the focal plane of the MRSSZP. However, the axial focusing property was not analyzed and the proposed composite spiral zone plate is unable to generate multiple focused vortices with the approximately identical intensity and customizable axial positions.
In this paper, based on the combinatorial methods of zone pates we will propose a new type of composite spiral zone plates (CSZP) to generate two focused vortices along the optic axis. Compared with the DOEs with spiral phases, the proposed zone plate can easily generate two focused vortices along the optic axis. The construction method of the CSZP will be illustrated in detail, and the focusing properties of the CSZP will be analyzed in the simulation and experiment. The proposed CSZP beams will find potential applications in three-dimensional optical tweezers and optical communications.
Design
On the basis of the radial Hilbert transform (RHT), the phase function of an SZP can be expressed as Eq. (1),
where (r , θ) represent the polar coordinates, l is the topological charge, λ is the wavelength of the incident light, and f is the first-order focal length of the SZP corresponding to the wavelength λ. After binarization, the SZP can be expressed by a binary transmittance function as Eq. (2),
where j = −l, −(l − 1), . . . , m − 1, m. m is the number of the spiral zones of the SZP. The focal length can be calculated by Eq. (3),
where a is the radius of the SZP. A CSZP is constructed by combining the inner zones of a spiral zone plate (SZP1) and the outer zones of another spiral zone plate (SZP2). The CSZP comprises transparent and opaque spiral zones. Thus, the transmittance of the CSZP can be expressed by a matrix. After binarization, the CSZP can be expressed by a binary transmittance function ϕ CSZ P , which is expressed with the equation
where F is a filter and ϕ SZ P 1 and ϕ SZ P 2 represent the transmittances of the phase-only SZPs possessing the topological charges l 1 and l 2 , respectively. The two SZPs, i.e., SZP1 and SZP2, have the numbers of spiral zones m 1 and m 2 , respectively, and the corresponding focal lengths of the SZPs can be calculated by Eq. (3). The filter F of the constructed CSZP can be given by Eq. (4).
where k = −l 1 , −(l 1 − 1), . . . , t · t is an arbitrary positive integer less than m 1 .
As an example, Fig. 1 shows the construction method of a CSPZ. Fig. 1(a) shows SZP1 with parameters of m 1 = 10, l 1 = 3, and a = 3.84 mm. Fig. 1(b) shows the filter F with the filter parameter t = m 1 /2. Fig. 1(c) shows SZP2 with parameters of m 2 = 15, l 2 = 2, and a = 3.84 mm. Fig. 1(d) shows the filter with an expression of 1-F. Fig. 1(e) shows the inner spiral zones of the constructed CSPZ. Fig. 1(f) shows the outer spiral zones of the constructed CSPZ. The constructed CSPZ shown in Fig. 1(g ) is the combination of the spiral zones shown in Fig. 1 (c) and (f).
Focusing Properties of the CSZP
We will use the axial irradiances to evaluate the focusing properties of the constructed CSZPs. Since a phase-only ZP has much higher diffraction efficiency than the amplitude-only counterpart [23] , the phase-only CSZPs will be adopted in the simulations. A CSZP comprises transparent zones with different phases. Thus, the transmittance of the phase-only CSZP can be expressed by a matrix of T p comprising phases of 0 and π. The angular plane-wave spectrum theory expressed in Eqs. (5) and (6) [23] is used to analyze free-space propagation of the electric field.
In Eq. (5), E p is the complex amplitude of the diffracted beam, F T , i F T , and H represent the Fourier transform, the inverse Fourier transform, and the transfer function, respectively. In Eq. (6), z and d are the propagation distance and the diameter of the CSZP, respectively. x and y are the dimensionless coordinates of the sampling grids. In the simulations, the sizes of the CSZPs are 7680 × 7680 pixels with a pixel area of 1 μm × 1 μm. The radius of the designed CSZP is set as 3.84 mm, and the wavelength of the incident light is set as 532 nm.
The CSZP can generate two vortices with the same topological charges along the optic axis. In the simulations, the CSZP is constructed by combining the two SZPs with m 1 = 57, l 1 = 1 and m 2 = 15, l 2 = 1. The parameter t of the filter F is set as 19. We sample cross-sections of the propagating beams with a step of 9.6 mm along the axial direction. The sampling range is from 9.6 mm to 1529.2 mm along the optic axis, and the number of the sampling steps is 160. Fig. 3 , where the intensities are normalized to the axial intensity peak of the SZP1. Obviously, the intensity distributions of the two foci of the CSPZ are different. Comparing the results of Fig. 2(c) with that of Fig. 2(i) , the sizes of both focused vortices is also different. After composition, the focused vortex shown in Fig. 2(i) is generated by the inner SZP1 of the CSZP shown in Fig. 2(g) . The inner SZP1 is only the central part of the SZP1 shown in Fig. 2(a) . Comparing the inner SZP1 of the CSZP shown in Fig. 2(g ) with the SZP1 shown in Fig. 2(a) , we can see that the period (i.e., the number of the spiral zones) of the SZP1 shown in Fig. 2(a) is bigger than that of the inner SZP1 of the CSZP shown in Fig. 2(g) . And, the width of the outermost spiral zone of the SZP1 shown in Fig. 2(a) is narrower than that of the inner SZP1 of the CSZP shown in Fig. 2(g) . Thus, the focusing performance of the SZP1 shown in Fig. 2(a) is stronger and the focused size shown in Fig. 2(c) is smaller.
Although a CSZP constructed with the SZP1 and SZP2 can generate two focused vortices along the optical axis, the two vortices might have unequal intensity peaks. The intensities of the two generated vortices are related with the parameters, i.e., m 1 , m 2 , l 1 , and l 2 . However, l 1 and l 2 are predesigned in the beginning, and F is related with m 1 . Thus, the intensities of the generated two vortices of the CSZP with a defined F can be only dependent on m 2 . The effects of m 2 on the intensities of the two vortices for a designed CSZP with a defined F will be analyzed. Fig. 4 shows the relationship between m 2 and the intensity non-uniformity ε of the two focused vortices for a designed CSZP with t = 19, m 1 = 57, l 1 = 1, m 2 , and l 2 = 1. The intensity non-uniformity ε is defined as Eq. (7).
where I i is the intensity peak of the i-th vortex, andĪ is the average intensity of the two vortices. The horizontal axis is m 2, which ranges from 18 to 32 with the interval of 1, and the vertical axis is the intensity non-uniformity. When F, l 1 , and m 1 are defined, the inner SZP1 and the corresponding vortex's intensity are also defined. The vortex's intensity of the outer SZP2 can be dependent on m 2 only, which is the number of the spiral zones of the outer SZP2. With the increase of m 2 , the vortex's intensity of the outer SZP2 is also enhanced. In Fig. 4 when m 2 reaches the value of 25, the intensities of the vortices of the inner SZP1 and the outer SZP2 are almost the same. Thus, the intensity non-uniformity reaches the lowest for the inner SZP1 and the outer SZP2. In this case if the number m 2 of the spiral zones of the outer SZP2 is smaller or bigger than 25, the vortex's intensity of the outer SZP2 will be smaller or bigger than that of the inner SZP1, respectively. Thus, the resulting intensity non-uniformity of the axial vortex for the inner SZP1 and the outer SZP2 will be deteriorated. The axial intensity distributions of the constructed CSPZ with m 1 = 57, l 1 = 1, m 2 = 25, l 2 = 1, and t = 19 are analyzed theoretically. Fig. 5(a) shows the CSZP. We sample cross-sections of the propagating CSZP beams with a step of 5.7 mm along the axial direction. The sampling range is from 5.7 mm to 905.1 mm. The sampling cross-sections are shown in Fig. 5(b) . The central part with an area of 320×320 pixels is chosen to show the axial intensity distribution. It can be seen from Fig. 6(b) that the CSZP shown in Fig. 6(a) generates two focused vortices with the topological charge of 1 and located at the positions of z = 245.3 mm and 565.7 mm, respectively. It can be also seen from Fig. 6(d) that the CSZP generates two focused vortices with the topological charge of 1 and located at the positions z = 245.3 mm and 401.7 mm, respectively. Thus, the focal lengths of the CSZPs can be customized by adjusting the parameters t and m 2 .
To generate two customized vortices with approximately identical intensity, we analyze the relation between the parameters t and m 2 , and the fitting plot is shown in Fig. 7(a) . With the increase of the parameter t, the parameter m 2 is also increased linearly so that the generated two foci have the approximately identical intensity peak. Also, when the focal length of the inner SZP1 is defined, the relation between the focal length of the outer SZP2 and the parameter t is analyzed with a fitting plot and shown in Fig. 7(b) . The result demonstrates that the focal length of the outer SZP2 has a linear relation with the filter parameter t. The simulation results are important for constructing CSZPs with customized foci and identical intensity peaks.
A CSZP can also generate two focused vortices with the identical intensity peak and different topological charges along the optic axis. As an example, Figs. 8(a) and 8(d) show the SZP1 with m 1 = 57, l 1 = 1 and the SZP2 with m 2 = 34, l 2 = 3, respectively. Fig. 8(g) SZP1, SZP2 and CSZP beams with a sampling step of 3.9 mm along the axial direction, respectively. The sampling range is from 3.9 mm to 624.6 mm. In Fig. 8 the horizontal axis is the sampling number, and the vertical axis is the truncated size of the beam, which is 320 pixels in diameter. It can be seen from Figs Fig. 8(g ). It can be seen from Figs. 9(a) and 9(b) that the topological charges of the two focused vortices are 1 Fig. 9 . Phase profiles near the vortex core at the focal planes of (a) z = 245.3 mm and (b) z = 390.4 mm for the CSZP shown in Fig. 8(g) . 
Experiments
In the simulations we set the sizes of the CSZPs as 7680 × 7680 pixels with a pixel area of 1 μm × 1 μm to enhance the resolution of the figures. In the experiments, based on the size of the spatial light modulator (SLM, PLUTO-2-VIS-014, 1920 × 1080 pixels, 8 μm × 8 μm/pixel, reflective type), we set the radius of the CSZP as 540 pixels with a pixel area of 8 μm × 8 μm. The phase-only CSZP is shown in Fig. 10(a) . A blazed grating has been added into the hologram to obtain an off-axis output. Fig. 10(b) shows the phase-only hologram with a blazed grating. The axial irradiances of the CSZP constructed with m 1 = 57, l 1 = 1, m 2 = 34, l 2 = 3, and the filter parameter t = 19 were measured in the experiments. In this case the CSZP generated two focused vortices with the approximately identical intensity peak at the focal positions of z = 261.3 mm and 415.9 mm. The experimental system is shown in Fig. 10(c) . The working wavelength in the experiment was chosen as 632 nm based on the laser available. A collimated He-Ne laser (DH-HN250, λ = 632 nm) beam was projected on a hologram (the phase-only CSZP) loaded on the SLM, and a beam profiler (CMOS, DH-MER-500-7-UC) was used to record the axial intensity distributions of the CSZP. In the experiment the measured intensity distributions at the focal positions of the CSZP are shown in Figs. 11(a) and 11(b) . It can be seen that there exist two focused vortices along the optic axis. Furthermore, the two focused vortices of the CSZP have the roughly identical intensity. We also checked the phase singularities of the beam reconstructed by the CSZP with the interferometric measurement method [23] . The interference of the reconstructed beams with a reference beam in the focal regions was implemented. The resultant interferograms are shown in Figs. 11(c) and 11(d), respectively, where fork fringes characterized by the vortex beams are clearly visible. The topological charge of a vortex beam can be determined by observing the difference between the numbers of the fringes of the interferograms, and in our case the differences are 1 in Fig. 11 (c) and 3 in Fig. 11(d) , respectively. As an integer topological charge of a vortex beam is constant in free-space propagation, the reconstructed beam is found to possess different topological charges. If we increase the topological charge of a CSZP, the size of the two focused vortices would be increased, too.
Conclusion
The construction method of the CSZP has been proposed to generate two focused vortices along the optic axis. The intensity distributions and the axial locations of the two focused vortices can be adjusted by the parameters t and m 2 . To ensure that the generated two focused vortices have the approximately identical intensity peak, we should increase the parameter m 2 linearly with the filter parameter t. The simulation results demonstrated that the focal length of the outer SZP2 has a linear relation with the filter parameter t so that the focal positions of the CSZP can be customized. The experimental results have verified the existence of the two axial focused vortices. The CSZP has potential applications in the research fields of optical trapping and optical communication.
